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Abstract
Let (M,F) be a compact Riemannian foliated manifold. We consider a fam-
ily of compatible Feller semigroups in C(Mn) associated to laws of the n-point
motion. Under some assumptions (Le Jan and Raimond, [16]) there exists a
stochastic flow of measurable mappings in M . We study the degeneracy of
these semigroups such that the flow of mappings is foliated, i.e. each trajectory
lays in a single leaf of the foliation a.s, hence creating a geometrical obstruction
for coalescence of trajectories in different leaves. As an application, an averag-
ing principle is proved for a first order perturbation transversal to the leaves.
Estimates for the rate of convergence are calculated.
Key words: Feller semigroup, n-point motion, foliated space, stochastic flow of
mappings, averaging principle.
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1 Introduction
The understanding of the geometry and dynamics in a foliated space plays a quite
important role in the intersection of many areas. Among many others contempo-
rary good references, we mention few of them which are closer to the approach we
are interested in this paper, e.g. Tondeur [22], Candel and Conlon [6], Plante[20],
Walczak [24]. On what regards stochastic systems, their interlace with foliations
received a boost with the paper by L. Garnnet [10], where she has constructed har-
monic measures introducing foliated Brownian motions on the leaves. Since them,
many works intertwinning stochastics, semigroups and foliations have appeared, see
e.g. Kaimanovich [13], Candel [7], [8] and references therein.
In this article we are interested on constructing and studying properties of a cer-
tain class of stochastic flow adapted to a foliation in the sense that each trajectory
lays in a single leaf of the the foliation. Classically, for stochastic (Stratonovich)
differential equation in a differentiable manifold with smooth vectors fields, the exis-
tence of a flow of (local) diffeomorphisms has been well studied and has been applied
in a vast range of topics in the literature. We mention mainly Kunita [14] [15] and
[2] which contain in the references many other authors that contributed in the con-
struction of these flows, each of them has considered different relevant aspects and
properties. Extending this classical flow with regularity in the space and continuity
of trajectories with respect to time t ≥ 0, many constructions have appeared, see e.g.
a survey on some of these nonclassical stochastic flow in Tsirelson [23, In particular,
Chap.7], also [3], [4], [9] among others. In this article we are particularly interested
1e-mail: phcosta@ime.unicamp.br.
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on studying degenerate dynamical properties of the stochastic flow of mappings as
constructed by Le Jan and Raimond [16], where coalescence also can happen.
The Le Jan-Raimond stochastic flow, which here is going to called by the acronym
LJR-flow, is constructed over a (locally) compact metric space M , based on a family
of Feller compatible semigroups of operators in Mn for integers n ≥ 1 . That is, for
each n ≥ 1, there exists a semigroup which determines the law of a Markovian process
of the n-point motion. Given compatibility and diagonal preserving conditions on
these semigroups, there exists a stochastic flow of measurable mappings in M which
generate this family of semigroups. These concepts and results are going to be
precisely stated and recalled below.
In this article we consider M a Riemannian compact manifold. Motivated by
the concept of invariant submanifolds for flows, we look initially for conditions on
the family of Feller semigroups which guarantee that a certain submanifold N is
invariant by the corresponding LJR-flow. In this case, we call the semigroups N -
degenerate, cf. Definition 2.1. With appropriate hypothesis, Theorem 3.2 guarantees
that trajectories starting in N lays in N for all time t ≥ 0 a.s.. Suppose now that the
manifoldM has a regular foliation F . Following the ideas ideas for a submanifold, an
appropriate degeneracy on the semigroups with respect to the leaves of the foliation
(Definition 2.2) will imply that each trajectory lays in a single leaf of the foliation, as
stated in Theorem 3.2. This foliated behaviour of the flow, in particular, introduces
a geometrical obstruction to coalescence of points in different leaves.
The class of examples on which this foliated phenomenon happens includes
stochastic dynamical systems generated by classical Stratonovich differential equa-
tions whose vector fields belong to the tangent space of the leaves. Degenerate
stochastic systems in differentiable manifolds also illustrates this context if the di-
mension of the Ho¨rmander Lie algebra space has constant dimension, hence, in this
case the foliation is determined a posteriori by the vector fields of the original SDE.
The article is organized in the following way. In the next paragraphs we recall
the concepts and results on the construction of the LJR-flow, as in [16], which we
are going to use in the next sections. In Section 2 we introduce the definitions of N -
degenerate and foliated semigroups. In Section 3 we proof the main result on foliated
flow inM which guarantees the equivalence between the foliated semigroups and LJR
foliated flows. The reader will notice that for noncompactM , the same result holds if
one assume some further, rather natural conditions (see also [16]). Coalescent foliated
flow is discussed at the end of this section. Finally in Section 4, as an application
of this approach, assuming that the leaves are compact, we investigate the effective
behaviour of a small transversal perturbation of order ǫ in a foliated LJR-flow which
destroys the foliated structure. An averaging principle is proved for a perturbation
given by a vector field ǫK, with K transversal to the leaves. We assume hypothesis
on convergence of average functions along the perturbed process (Hypothesis H1 and
H2) which are natural in most stochastic systems, see [11, 12, 18]. Essentially, for
small ǫ > 0, the transversal behaviour, with time rescaled by tǫ , is approximate by an
ODE in this space whose vector field is given by the ergodic average of the transversal
component of K on each leaf. We find estimates on the rate of convergence when ǫ
goes to 0.
2
1.1 Le Jan-Raimond stochastic flow of measurable mappings
We summarize below the main definitions and results on LJR-flows cf. [16, section
1]. We apply this theory to our specific context here, where the state space M is a
Riemmanian manifold. In the next sections M will additionally be endowed with a
regular foliation. We shall consider Markovian semigroups acting on Bb(M
n), the
space of bounded measurable functions in Mn and Feller continuous semigroups in
C0(M
n), the space of continuous functions in Mn which goes to zero at infinity, see
e.g. among others Revuz and Yor [21].
The results in the next sections are based on the fact that a consistent system
of n-point Feller semigroup (which can be viewed as the law of the motion of n
indivisible points thrown into a fluid inM) and a preserving condition on the diagonal
determine uniquely in law the flow of measurable mappings in M . Next paragraphs
make this statement more precise, essentially we have that the next three definitions
are equivalent, cf. Theorem 1.4.
Definition 1.1. Let (P
(n)
t , n ∈ N) be a family of Feller (Markovian) semigroups in
C0(M
n) (in Bb(M
n), respectively).
1. The family (P
(n)
t ) is called compatible if for all f ∈ C0(Mn) which can be
written in terms of fewer variables, i.e. there exists an f¯ ∈ C0(Mk), k < n,
with f(x1, · · · , xn) = f¯(xi1 , · · · , xik), we have that
P
(n)
t f(x1, · · · , xn) = P (k)t f¯(xi1 , · · · , xik).
2. The family (P
(n)
t ) is diagonal preserving in the sense that for all f ∈ C0(M)
P
(2)
t f
⊗2(x, x) = Pt f2(x)
where here and along the article, Pt stands for P
(1)
t .
We shall abbreviate and say that a family of Feller semigroups (P
(n)
t ) is CDP if
it is compatible and diagonal preserving as defined above. For a fixed n ∈ N, the
Markov process associated to P
(n)
t starting at a certain initial condition (x1, . . . , xn)
is called the n-point motion of this family of semigroups, it is defined on the set of
ca`dla`g paths on Mn. See more on n-point motion also in Kunita [15].
Let (F, E) be the space of measurable mappings on M endowed with the σ-
algebra generated by the application map ϕ 7−→ ϕ(x) for every x ∈ M . More
precisely, E = σ {{ϕ ∈ F : ϕ(x) ∈ A}, for all A ∈ Borel(M), and x ∈M}.
Definition 1.2. Consider a convolution semigroup {Qt : t ≥ 0} of regular proba-
bility measure on (F, E), i.e Qs+t = Qs ∗ Qt for all 0 ≤ s, t. This family is called a
Feller convolution semigroup if for all f ∈ C0(M) we have that:
a) lim
t→0
sup
x∈M
∫
(f ◦ ϕ(x) − f(x))2Qt(dϕ) = 0;
b) For all x ∈M and t ≥ 0
lim
y→x
∫
(f ◦ ϕ(y)− f ◦ ϕ(x))2Qt(dϕ) = 0;
and
lim
y→∞
∫
(f ◦ ϕ(y))2 Qt(dϕ) = 0.
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The third and last equivalent definition in this context is the following. Let
(Ω,F ,P) be a probability space.
Definition 1.3. A family of (F, E)-valued random variables ϕ = (ϕs,t, 0 ≤ s ≤ t)
is called a measurable stochastic flow of mappings if (x, ω) 7→ ϕs,t(x) is measurable,
stationary, with independent increments, satisfies the cocycle property, i.e. for all
0 ≤ s ≤ u ≤ t and x ∈ M , P-a.s. ϕs,t = ϕu,t ◦ ϕs,u(x) and for every f ∈ C0(M) we
have that:
a) lim
(u,v)→(s,t)
sup
x∈M
E
[
(f ◦ ϕu,v(x)− f ◦ ϕs,t(x))2
]
= 0;
b) For all x ∈M and t ≥ 0
lim
y→xE
[
(f ◦ ϕ0,t(y)− f ◦ ϕ0,t(x))2
]
= 0;
and
lim
y→∞E
[
(f ◦ ϕ0,t(y))2
]
= 0.
A family of (F, E)-valued random variables ϕ = (ϕs,t, 0 ≤ s ≤ t) is called a stochastic
flow of mappings if there exists a measurable stochastic flow of mappings ϕ′ =
(ϕ′s,t, 0 ≤ s ≤ t) such that for all x ∈M and 0 ≤ s ≤ t, we have that ϕs,t(x) = ϕ′s,t(x)
P-a.s. .
Given a stochastic flow of mappings ϕs,t, the law of ϕ0,t determines a semigroup
of convolution Qt; which in turn determines a family of Feller CDP semigroups given
by, for f ∈ C0(Mn) and x ∈Mn,
P
(n)
t f(x) =
∫
F
f ◦ ϕ⊗n(x) Qt(dϕ), (1)
see Propositions 1.2 and 1.3 in [16, p.1252-1254]. In fact the converse also hold,
hence Definitions 1.1, 1.2 and 1.3 are associated one to each other, as stated in the
next theorem.
Denote by (Ω,A) the space (Πs≤tF,
⊗
s≤t E) and by ϕs,t the canonical stochastic
process ω 7→ ω(s, t).
Theorem 1.4 (Le Jan-Raimond). A family of Feller CDP semigroups (P
(n)
t , n ∈ N)
determines a unique Feller convolution semigroup of probability measures (Qt)t≥0 on
(F, E) which satisfies Equation (1). A Feller convolution semigroup (Qt)t≥0 in turn
determines a unique shift invariant probability measure PQ on (Ω,A) such that the
canonical stochastic process (ϕs,t : s ≤ t) is a stochastic flow of mappings with law
Qt−s.
A stochastic flow of measurable mappings on M , (ϕs,t : s ≤ t), is called a
coalescing flow if for some point (x, y) ∈M2, Tx,y = inf{t ≥ 0 : ϕ0,t(x) = ϕ0,t(y)} is
finite with positive probability and for any t ≥ Tx,y we have that ϕ0,t(x) = ϕ0,t(y).
In other words, a stochastic flow is coalescing if there exists x 6= y such that their
trajectories stick together after a finite time with positive probability.
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2 Definitions and Preliminary results
Consider a compact Riemannian manifold M . We shall use the extended definition
of a submanifold of M , as in Candel and Conlon [6], in the following sense: we say
that N ⊂ M is a submanifold when N is the image of a connected manifold W by
an injective immersion i : W → M , that is N = i(W ). Whence N is endowed with
two topologies: the intrinsic topology τint of W and the induced topology τind as a
subset of M . Obviously τind ⊆ τint, and equality holds if i is an embedding. Most
of the time we are interested in the case of N being a complete submanifold with
respect to the induced Riemannian metric. In this case we have that
C0(N, τint) = {f |N ; f ∈ C(M)}
if and only if N is compact with respect to τint, i.e., W is compact. Hence, in this
case, we have also that τint = τind and C0(N, τint) = C(N, τint). Note that if N is
dense in M then C0(N, τint) ∩ C(N, τind) = {0}.
The geometrical idea of invariant manifolds for certain dynamics, say e.g. stable
submanifold, motivates the following definition.
Definition 2.1. LetN be a submanifold ofM , a Feller semigroup Pt isN -degenerate
if there exists a Markovian semigroup PNt such that for all f ∈ C(M) we have that:
Ptf(x) = P
N
t f
∣∣
N
(x), (2)
for all x ∈ N .
Since the set of test functions for the definition above reduces to a subset of
C(N, τind), the Markovian semigroup P
N
t can be non unique in C0(N, τint). If N is
compact then PNt is unique and Feller.
Foliations. A regular foliation F in M is a partition of M into equivalent classes
of complete submanifolds of the same dimension; it corresponds to assign a regular
integrable differentiable d-dimensional distribution inM . Each of these submanifolds
are called the leaves of the foliation F . More precisely: an (n+d)-dimensional smooth
manifold M is foliated when there exists an atlas on M such that for any pair (U,ψ)
and (V, φ) of coordinate maps we have that:
1. ψ(U) = U1 × U2, where U1 ⊆ Rn and U2 ⊆ Rd are open sets;
2. If U ∩ V 6= ∅ then the map φ ◦ ψ−1 : ψ(U ∪ V )→ φ(U ∪ V ) has the following
form φ ◦ ψ−1(x, y) = (h1(x, y), h2(y)).
Given a point x ∈ M , the leaf passing through x is denoted by Lx. For further
properties and details see e.g [5], [6], [22], [24].
Definition 2.2. Let (M,F) be a foliated space. A Feller semigroup Pt in M is
foliated or F-foliated if Pt is L-degenerate for every L ∈ F , i.e. there exists a family
of Markovian semigroups
(
PLt
)
L∈F such that for all f ∈ C(M)
Ptf(x) = P
Lx
t f
∣∣
Lx(x), (3)
for all x ∈M .
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As before, if the leaves are compact then for each leaf L, the semigroup PLt which
satisfy Equation (3) is Feller and unique. In this case, there exists also an intrinsic
way to verify whether a certain Feller semigroup Pt in M is foliated (degenerate) or
not. For this purpose, given f ∈ C(M) and a submanifold N ⊂M , consider the set
If,N :=
{
g ∈ C(M) : g∣∣
N
= f
∣∣
N
}
.
Hence, by definition, if Pt is an N -degenerate semigroup then for any g ∈ If,N we
have Pt f(x) = Pt g(x). Reciprocally:
Proposition 2.3. Consider a Feller semigroup PMt on C(M).
1. Assume that the submanifold N is compact. The semigroup Pt is N -degenerate
if and only if Pt f(x) = Pt g(x) for all g ∈ If,N .
2. Assume that the leaves of F are compact. The semigroup Pt is foliated if and
only if Pt f(x) = Pt g(x) for all g ∈ If,L and all L ∈ F .
Proof. We prove the converse of item (1). We only have to show that there exists
a Feller semigroup acting on C(N) which satisfies Equation (2). In fact, given
g ∈ C(N), take an extension f ∈ C(M) and define PNt g(x) = Ptf(x) for all x ∈ N .
Hypothesis guarantees that PNt is well defined. Item (2) follows trivially now.

Contrasting with last Proposition, if N is dense in M then each set If,N has a
single element.
3 Foliated flow
At this point we return to the family (P
(n)
t , n ∈ N) of Feller CDP semigroups as
defined in Section 1.1. Initially note that if F is a foliation of M , then L¯ = L1 ×
. . . × Ln with Lj ∈ F , j = 1, . . . , n, are leaves of a foliation in Mn which we are
going to denote by Fn. The main results in this section show that for a family of
Feller CDP semigroups (P
(n)
t , n ∈ N), if P (i)t is F i-foliated for a certain i ∈ N, then
P
(n)
t is Fn-foliated for all n ∈ N, moreover the associated LJR-flow ϕs,t is foliated
in the following sense:
Definition 3.1. A stochastic flow of mappings ϕs,t in M is called an F-foliated
stochastic flow if for all 0 ≤ s, t we have that ϕs,t(x) ∈ Lx a.s..
The result below states that if the lowest level Feller semigroup P
(1)
t is F-foliated
then the corresponding LJR-flow of mappings ϕs,t is F-foliated.
Theorem 3.2 (Foliated flow). Let (P
(n)
t : n ∈ N) be a family of Feller CDP semi-
groups in M .
1. (Invariant submanifold) Let N be a submanifold of M . If P
(1)
t is N -
degenerate then the LJR stochastic flow of mappings preserves N , i.e. for
0 ≤ s ≤ t and x ∈ N we have that ϕs,t(x) ∈ N , P-a.s..
2. (Foliated Flow) If P
(1)
t is F-foliated then the corresponding LJR stochastic
flow of mappings ϕs,t is an F-foliated flow.
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Proof. For item (1), consider an increasing sequence of compact sets with respect to
the intrinsic topology τint in N such that N = ∪nKn. The idea of the proof is to
control the probabilities with which the process exits the sets Kn. For fixed 0 ≤ t
and x ∈ N consider the measurable set
B = {ω ∈ Ω : ϕ0,t(x, ω) ∈ M \N} .
We prove that P(B) = 0 writing B = ∩nDn with
Dn = {ω ∈ Ω : ϕ0,t(x, ω) ∈M \Kn}
and proving that P(Dn) goes to zero when n tends to infinity. The semigroup P
N
t
has an associated transition probability measure µPNt (x, dy) with support in (N, τint),
see e.g. Revuz and Yor [21, Chap. III.2], which in general does not coincide with
the support of µ
P
(1)
t
(x, dy) in M . The key point here is to link these two probability
measures using continuous functions in C(M), as demanded in Definition 2.1.
Consider closed sets Fj,n ⊂ M \ Kn which are increasing in j and such that
M −Kn = ∪jFj,n. For each pair (j, n) take a continuous function fj,n ∈ C(M, [0, 1])
such that fj,n(x) = 1 for all x ∈ Fj,n with support in M \Kn. Therefore, for a fixed
x ∈ Kn, by formula (1) and the fact that Pt is N -degenerate we have that
E [fj,n ◦ ϕ0,t(x)] = PNt fj,n
∣∣
N
(x)
=
∫
N
fj,n
∣∣
N
(y) µPNt
(x, dy).
Hence, using the fact that fj,n converges pointwise to the characteristic function
1M\Kn when j goes to infinity we conclude that
P(Dn) = lim
j→∞
E (fj,n ◦ ϕ0,t(x))
=
∫
N
lim
j→∞
fj,n
∣∣
N
(y) µPNt (x, dy)
= µPNt
(x,N \Kn).
Last term goes to zero when n goes to infinity since µPNt
(x, dy) is a Radon measure.
Item (2) of the statement follows directly from item (1) applied in each leave of
the foliation.

If the submanifold N in the item (1) of Theorem 3.2 above is compact, a proof
purely analytical functional on C(M) shows nuances of the technique: there exists
a countable sequence of closed sets Fn such that ∪nFn = M \N . For each n ∈ N,
consider a corresponding continuous function fn ∈ C(M, [0, 1]) with support inM\N
and such that fn(x) = 1 for all x in Fn. For fixed 0 ≤ t and x ∈ N we show that the
measurable set
B = {ω ∈ Ω : ϕ0,t(x, ω) ∈ M \N}
has probability zero. Now we write B = ∪nBn where
Bn = {ω ∈ Ω : ϕ0,t(x, ω) ∈ Fn} .
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We prove that P(Bn) = 0 for every n ∈ N. In fact, by Chebyshev inequality,
Theorem 1.4 and the definition of foliated semigroup we calculate:
P(Bn) ≤ E(fn ◦ ϕ0,t(x))
= P
(1)
t fn(x)
= PNt fn
∣∣∣∣
N
= 0.
Next result exploits the fact that, although in Theorem 3.2, for simplicity, we
have assumed that the first element of the family, i.e. with n = 1, P
(1)
t is foliated,
the same result holds if one assumes, instead, that P
(k)
t is Fk-foliated for a certain
k ≥ 1.
Corollary 3.3. Let (P
(n)
t : n ∈ N) be a Feller CDP-family of semigroups in C(M).
1. (Invariant submanifold) If for a positive integer k ≥ 1 the semigroup P (k)t
is Nk-degenerate, then all members of the family (P
(n)
t : n ∈ N) are Nn-
degenerate.
2. (Foliated Flow) If for a positive integer k ≥ 1 the semigroup P (k)t is Fk-
foliated, then all members of the family (P
(n)
t : n ∈ N) are foliated in the
corresponding Fn-foliation of Mn.
Proof. We prove Item (2). Let ϕs,t be the LJR-flow associated to the CDP-family
of Feller semigroups (P
(n)
t : n ∈ N). Assuming that P (k)t is Fk foliated, fix a leaf
L¯ = L1 × . . . × Lk ∈ Fk, and a point x = (x1, . . . , xk) ∈ L¯. Let Kn be a sequence
of compact sets with respect to the intrinsic topology in L¯ such that L¯ = ∪nKn.
Controlling the probability with which the process ϕ0,t(x) = (ϕ0,t(x1), . . . , ϕ0,t(xk))
exits the sets Kn, following the same argument as in the proof of Theorem 3.2, we
have that for all t ≥ 0, ϕ0,t(x) ∈ L¯ a.s.. This implies that the leaves in F are
invariant by the flow ϕs,t a.s..
Now, for any n ≥ 1, given a leaf (using the same notation) L¯ ∈ Fn, a point
x = (x1, . . . , xn) ∈ L¯ and g ∈ Bb(L¯), define the Markovian semigroup P L¯t in the leaf
L¯ by the formula
P L¯t g(x) = E [g (ϕ0,t(x1), . . . , ϕ0,t(xn))] .
For a function f ∈ C(Mn), we have obviously that
P
(n)
t f = E [f |L¯ (ϕ0,t(x1), . . . , ϕ0,t(xn))] = P L¯t f |L¯.
Hence P
(n)
t satisfies Definition 2.2 of an Fn-foliated semigroup. Item (1) follows
directly by the same argument.

Next corollary establishes sufficient conditions for the semigroups in the leaves
to be Feller.
Corollary 3.4 (Feller in the leaves). If the foliated flow of measurable mappings
established by Theorem 3.2 is such that ϕs,t|L satisfies Conditions (a) and (b) of
Definition 1.3 for all f ∈ C0(L) then the semigroups in the leaves P L¯t for L¯ ∈ Fn
are also Feller for all n ≥ 1. (Analogous for the N -invariant flows).
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Proof. By Equation 1 and Theorem 1.4, (alternatively [16, Prop. 1.3]) applied in
each leaf L¯, it follows that the semigroups P L¯t are Feller.

Remark: Compactness of the leaves or continuity of ϕ0,t|L(x) in x and t with
respect to the intrinsic topology of L imply Conditions (a) and (b) in the hypothesis
of Corollary 3.4 above.
Example: Foliated semigroups in dense leaves. We consider the canonical
example of a flat 2-torus T = R2/Z2 and a unitary vector in the plane v = (v1, v2) ∈
R2. We take a foliation in T such that at each point x = (a, b) ∈ T , the leaf passing
thorough x is given by the winding of a line passing thorough it in direction of v:
L(x,y) = {(a+ λv1, b+ λv2) (mod Z2), for all λ ∈ R}.
Leaves are compact if v2/v1 is rational. We are going to explore the case of v2/v1
irrational, which implies that all the leaves are dense in T . In this case, the leaf
passing through x has intrinsic topology τint given by the real line. Precisely, the
bijective immersion i : R → (Lx, τint) defined by λ 7→ (a + λv1, b + λv2) (mod Z2)
is a homeomorphism.
The family of foliated semigroups P
(n)
t in T will be described via the Stratonovich
differential equation:
dxt = v dBt, (4)
where Bt is the standard Brownian motion and the flow ϕt(x) = (a + v1Bt, b +
v2Bt) mod Z
2 preserves each leaf of this dense foliation in the sense that each trajec-
tory lays in a single leaf. The family of semigroups P
(n)
t are given by, for f ∈ C(T n),
P
(n)
t f(x1, . . . , xn) = E [f(ϕt(x1), . . . , ϕt(xn))]
with (x1, . . . , xn) ∈ T n. In particular, the first semigroup
P
(1)
t f(x) =
∫
T
f
(
(x+ vz) mod Z2
)
gt(z) dz
is foliated with semigroups in the leaves PLt given as follows: given a function f ∈
C0(Lx, τint),
PLt f(x) =
∫
R
f
(
i(z + i−1(x))
)
gt(z) dz.
Here we have used that for z ∈ R,
gt(z) =
1√
2πt
exp
(
−z
2
2t
)
is the one dimensional heat kernel associated to linear Brownian motion, with t > 0.
In this particular example the Markovian semigroups in the leaves P L¯t are Feller in
C0(L¯), see Remark after Corollary 3.4. The main differences between Pt and PLt
which are relevant for our technique here are:
1. The domain of Pt restricts to Z
2-periodic function on R2 while the domain of
PLt , with L ∈ F extends to the non-compact topology of R. Intersection of
the domains is the unitary set of the null function.
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2. The support of the transition probability measures µPt(x, dy) associated to
Pt is the whole manifold T ; while the support of the probability measures
µPLt (x, dy) is the leaf Lx.
The second item above is precisely the phenomenon that the supports of the measures
associated to the semigroups on the leaves restrict to the leaves themselves, even if
the leaves are dense inM . This property has been exploited in the proof of Theorem
3.2.

We finish this section with a remark on the existence of intrinsic LJR flow on
each leaf.
Remark 3.5. Let (P
(n)
t : n ∈ N) be, as before, a CDP-family of Feller semigroups
in M . Denote by ϕs,t the corresponding LJR-flow in M . Introduce the foliated
structure F in M and assume that the family of semigroups is not only foliated but
also that the semigroups PLt in the leaves L ∈ F are also Feller (either by topological
reasons, e.g. compact leaves, or by more general condition as in Corollary 3.4). Note
that diagonal preserving condition (2) in Definition 1.1 is trivially satisfied when
beforehand we have a flow associated to the semigroup. Hence, in each leaf L, it
exists a CDP-family of Feller semigroups in L which satisfies again the hypothesis
of Theorem 1.4. It means that each leaf L has intrinsically their own LJR-flow ψs,t
defined in the probability space ΩL = (Πs≤tF ) , where F is the space of measurable
mappings on L with the appropriate σ-algebra, as described in Section 1.1. An
alternative and natural choice of ψs,t is ϕs,t|L, ω-wise based on the same previous
probability space Ω. But in general the relation between ψs,t and ϕs,t weakens to
the average: for x ∈ L and f ∈ C(M):
EΩ
L
(f |L ◦ ψs,t(x)) = E (f ◦ ϕs,t(x)) .
3.1 Coalescing foliated flows
In this section, we consider coalescent foliated semigroups. As before, let (P
(n)
t ) be a
foliated family of Feller semigroups in a compact Riemannian manifold M endowed
with a regular foliation F .
We denote by X
(n)
t = (X
1
t , . . . ,X
n
t ), n ≥ 1, with X(n)0 = (x1, . . . , xn) the Marko-
vian processes inMn associated to the laws of P
(n)
t starting at the point (x1, . . . , xn).
Consider the partial diagonals ∆n = {x ∈ Mn : there exists a pair i 6= j with xi =
xj} and the entry times T∆n = inf{t ≥ 0,X(n)t ∈ ∆n}. With the same notation as
in [16]:
Theorem 3.6 (Le Jan-Raimond). There exists a unique compatible family of Marko-
vian semigroups {P (n),ct , n ≥ 1} on M such that if X(n), c is the associated n-point
motion and T c∆n = inf{t ≥ 0,X(n),c ∈ ∆n}, then:
(a) (X
(n),c
t , t ≤ T c∆n) is equal in law to (X
(n)
t , t ≤ T∆n);
(b) for t ≥ T c∆n, we have that X
(n),c
t ∈ ∆n.
With further condition it is possible to guarantee that the coalescent semigroup
P
(n),c
t is Feller. In fact, denoting by P
2
(x,y) the transition probability associated to
P
(2)
t at the point (x, y), introduce:
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Condition C: For all t > 0, ǫ > 0 and x ∈M , assume that
lim
y→xP
2
(x,y)
[{t < T∆2} ∩ {d(X1t ,X2t ) > ǫ}] = 0,
and for some pair x, y ∈M , P 2(x,y)[T∆2 <∞] > 0.
We can construct now a foliated coalescing flow in M :
Proposition 3.7. Let (P
(n)
t , n ≥ 1) be a foliated family of Feller semigroups on
(M,F) which satisfies Condition C above. Then the coalescing semigroups P (n),ct
are CDP Feller foliated semigroups for all n ≥ 1, hence associated to a coalescing
foliated flow ϕs,t.
Proof. For every n ≥ 1, by concatenating a Markov process which stops when it hits
a partial diagonal set ∆n with a process starting from this corresponding point, Le
Jan and Raimond [16, Thm 4.1] have constructed explicitly a Markov process X(n),c
with the properties established by Theorem 3.6. Additional Condition C implies also
that the family P
(n),c
t is a CDP Feller semigroup, [16, Thm 4.1].
We only have to note that, by construction, for n = 1, the law of X(1),c and
X(1) are equal, hence P
(1)
t = P
(1),c
t for all t ≥ 0. This implies that P (1),ct is foliated.
Hence, the result follows by Theorem 3.2 and Corollary 3.3.

Proposition 3.7 in particular implies that the pair of points x, y ∈ M such that
P 2(x,y)[T∆2 <∞] > 0, in Condition C, must be in the same leaf. In fact, ϕs,t(x) ∈ Lx
and ϕs,t(y) ∈ Ly and the intersection Lx ∩ Ly is non empty if and only if x and y
are in the same leave.
4 An averaging principle for foliated LJR flow
In this section we apply the technique of foliated semigroup and foliated flow to
obtained an averaging principle for foliated LJR flows when the leaves of the foliation
are compact. Initially we introduce appropriate foliated coordinates such that the
leaves are going to be mapped in horizontal plaques of Euclidean space and we will
have also a coordinate system for a direction which is transversal to the leaves. For
convenience, in this coordinate system the leaves will be called horizontal and the
transversal direction will be called the vertical direction.
Given a family of CDP foliated semigroups (P
(n)
t , n ∈ N) in (M,F) we are going
to consider a small first order perturbation in the associated LJR-flow, correspond-
ing to a family of CDP semigroups (P
(n),ǫ
t , n ∈ N), generically no longer foliated.
Precisely, if P ǫt denotes the first perturbed semigroup, then there exists a vector field
K in M (generically transversal to the leaves) such that for a function f ∈ C∞(M),
lim
tց0
P ǫt f − Ptf
t
= ǫKf.
We also localize our hypothesis such that P ǫt f(x) is determined by f restricted to a
neighbourhood of the leaf Lx for small t. Equivalently, the support of the probability
measure associated to the Feller semigroup P ǫt f(x) stays in a neighbourhood of Lx
for sufficiently small t ≥ 0.
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Our main result in this section establishes an averaging principle for the dynamics
induced by the family P (n),ǫ i.e. by its LJR flow in the transversal component. More
precisely, as ǫ goes to zero, the average of the vertical component of the perturbed
flow ϕǫ0,t approaches in a certain topology the solution of the ODE in the vertical
space given by the average of the perturbing vector field K in each leaf, where the
average is taken according to the invariant measure in each leaf of the unperturbed
system generated by the family P
(n)
t .
The approach here generalizes to semigroups the results for continuous diffusions
[11], foliated Le´vy processes [12] and for Hamiltonian/symplectic structures in X.-
M.-Li [18].
The foliated coordinate system. Given an initial condition x0 ∈M , let U ⊂M
be a bounded neighborhood of x0 which is diffeomorphic to Lx0 × V , with V a
connected open set in Rd containing the origin. By compactness of Lx0 , there exists
a finite number of local foliated coordinate systems ψi : Ui → Wi × V ⊂ Rn ×Rd,
where Wi and V are open sets, say with 1 ≤ i ≤ k and x0 ∈ U1 such that:
1) U = ∪ki=1Ui;
2) The leaf Lx0 = ∪ki=1ψ−1(Wi × {0}), i.e. each Ui is diffeomorphic to the product
of an open set in the leaf Lx0 and the vertical component V ;
3) If a pair of points p ∈ Ui and q ∈ Uj in U belong to the same leaf then their
transversal coordinates in V are the same; i.e. π(ψi(p)) = π(ψj(p)) where π is
the projection on the transversal space V ;
Note that for a fixed y ∈ V , the finite union ∪ki=1ψ−1i (Wi × {y}) is the leaf
Lψ−1
i
(x,y) for any x ∈ Wi. Natural examples of this scheme of coordinates systems
appear if we consider compact foliation given by the inverse image of submersions:
values in the image space provide local coordinates for the vertical space V .
Item (3) above also allows to simplify the notation in such a way that we can
omit the coordinate system when dealing with the vertical directions, i.e. we shall
write π : M → V to denote π ◦ ψi, independently of the (finitely many) index i. In
coordinates, we write
π(·) = (π1(·), . . . , πd(·)) ∈ V ⊂ Rd.
Hypotheses on the perturbed semigroup. We are going to assume that following
behaviour in the transversal dynamics. We shall denote by ϕs,t and ϕ
ǫ
s,t the LJR
flows associated to Pt and P
ǫ
t respectively.
H1) Vertical regularity a.s. of the perturbed flow: For all i = 1, . . . , d,
d
dt
πi(ϕ
ǫ
0,t(x0))
∣∣∣∣
t=0
= ǫ dπi(K)(x0).
H2) Transversal weak boundedness of the perturbation: Denote by yt = ϕ0,t(y0)
and yǫt = ϕ
ǫ
0,t(y0) the trajectories of the perturbed and unperturbed systems
respectively, both starting at y0. Suppose there exists a common probability
space where the random flows ϕs,t and ϕ
ǫ
s,t are based such that, for a p ∈ [1,∞)
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and any g ∈ C(M), there exists a positive function h(ǫ, t) ≥ 0, defined for
ǫ, t ≥ 0 which is continuous, h(0, t) = h(ǫ, 0) = 0 and satisfies
[
E
(
sup
0≤s<t
|g(ys)− g(yǫs)|p
)] 1p
≤ h(ǫ,√ǫt). (5)
Note that Hypothesis (H1) states for each trajectory a property which always
holds in the average, in fact: Denoting by A the infinitesimal generator of Pt and by
Aǫ the infinitesimal generator of P ǫt just note that the projections into the vertical
coordinates πi, i = 1, . . . , d, are in the kernel of A and A
ǫπi = ǫ dπi(K). This
hypothesis is canonically satisfied by semigroups generated by foliated stochastic
differential equations with an ǫ perturbation of the drift in the direction K. This
can be easily verified by the fact that the kernel of the derivative dπi includes the
tangent spaces to the leaves, hence, the differentiability follows by Itoˆ formula, cf.
[11, p. 15], also [12].
Without lost of generality we can assume that function h(ǫ, t) in Hypothesis
(H2) is increasing in t for a fixed ǫ. In fact, given such a function h we have
that sup0≤s≤t h(ǫ, s) also satisfies Hypothesis (H2). This hypothesis holds if the
semigroups Pt and P
ǫ
t are generated by perturbation of foliated stochastic (Le´vy)
differential equations, [11, Lemma 2.1], [12, Prop. 2.1] for p ≥ 2, also completely
integrable stochastic Hamiltonian system, Li [18]. See also Remark 1 after Lemma
4.5 for more generality. Another class of examples includes perturbing vector fields
K which commute with the infinitesimal generator A of Pt, which in this case makes
P ǫt = Pt ◦Kt, where Kt is the flow of local diffeomorphisms associated to a vector
field K in this class. In this case function
h(ǫ, t) =
√
ǫ t sup
x∈U
|K(x)|
satisfies the inequality (5).
4.1 Averaging functions on the leaves
By compactness, the leaf Lp passing through a point p ∈ M contains the support
of an invariant measure µp for the unperturbed semigroup Pt. We assume that µp
is ergodic. Consider a continuous function g : M → R. We shall work with the
µp-average of g, Q
g : V ⊂ Rd → R defined for each leaf, i.e. if v is the vertical
coordinate of p, π(p) = v ∈ V , then:
Qg(v) =
∫
Lp
g(x) dµp(x).
We assume the following hypothesis on the invariant measures on the leaves:
H3. Regularity of Qg: For any Lipschitz continuous function g on M , its corre-
sponding average function Qg on the transversal space V is Lipschitz.
Hypothesis (H3) means that the invariant measures µp for the unperturbed foliated
system has some weakly continuity with respect to the vertical component of p; say,
for instance, locally there is no sort of bifurcation of the horizontal foliated dynamics
performed by (P
(n)
t ) when one varies the vertical parameter, as in [11].
13
We use the derivative of each component of π(·) = (π1(·), . . . , πd(·)) ∈ V ⊂ Rd.
to get the averages Qdπi(K)(x) of the real functions g = dπi(K), i = 1, . . . , d on
each leaf Lx. The proposition below gives an ergodic estimation of the error which
occurs when one considers the average Qg instead of the original function g in a time
integration.
Proposition 4.1. For i = 1, 2, . . . , d, t ≥ 0 and ǫ > 0 let
δi(ǫ, t) =
∫ t
0
dπi(K)(y
ǫ
r
ǫ
)−Qdπi(K)π(yǫr
ǫ
) dr.
We have the following estimates for the difference δi(ǫ, t)
(
E|δi(ǫ, t)|p
) 1
p
≤ √tH(ǫ, t)
where H(ǫ, t) is continuous in ǫ, t ≥ 0 and H(0, 0) = 0.
Remark: Precisely, in terms of function h(ǫ, t) in Hypothesis (H2) we have that
H(ǫ, t) = min
{
h(ǫ, t)
√
t, C1ǫ
1
4 , C2
√
ǫt
3
2 , C3
√
ǫ t
}
.
for some positive constants C1, C2 and C3.
Proof. The proof consists of changing variables to get an integration in the interval
[0, t/ǫ] such that considering a convenient partition of this interval we estimate by
comparing in each subinterval the average of the flow of the original system (on the
corresponding leaf) with the average of the perturbed flow (transversal to the leaves)
using Hypothesis (H2). For sufficiently small ǫ, we take the following assignment of
increments of our partition:
∆t =
t√
ǫ
.
We consider the partition tn = n∆t, for 0 ≤ n ≤ N such that
0 = t0 < t1 < · · · < tN ≤ t
ǫ
,
with N = N(ǫ) = [ǫ−1/2] where here [x] denotes the integer part of x.
To simplify the notation, denote by g(x) the function dπi(K)(x). Hence, the first
integrand can be written as the sum:
ǫ
∫ t
ǫ
0
g(yǫr)dr = ǫ
N−1∑
n=0
∫ tn+1
tn
g(yǫr)dr + ǫ
∫ t
ǫ
tN
g(yǫr)dr.
Let ϕs,t denote the LJR-flow presented in the previous section for the unperturbed
foliated semigroups (P
(n)
t ), i.e. such that each trajectory stays in a single leaf of the
foliation. By triangular inequality, we divide our calculation into four parts:
|δ(ǫ, t)| ≤ |A1|+ |A2|+ |A3|+ |A4|, (6)
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where
A1 = ǫ
N−1∑
n=0
∫ tn+1
tn
[
g(yǫr)− g(ϕtn ,r(yǫtn))
]
dr,
A2 = ǫ
N−1∑
n=0
[∫ tn+1
tn
g(ϕtn ,r(y
ǫ
tn)) dr −∆tQg(π(yǫtn))
]
,
A3 =
N−1∑
n=0
ǫ∆tQg(π(yǫtn))−
∫ t
0
Qg(π(yǫr
ǫ
)) dr,
A4 = ǫ
∫ t
ǫ
tN
g(yǫr)dr.
We proceed by showing that each of the processes A1, A2, A3 and A4 above tends
to zero on compact intervals.
Lemma 4.2. Process A1 converges to zero on compact intervals when ǫ goes to zero.
More precisely, we have the following estimates on the rate of convergence:
(
E |A1|p
) 1
p
≤ h(ǫ, t) t,
where h(ǫ, t) is given by Hypothesis (H2).
Proof. If 1p +
1
q = 1, by Ho¨lder and triangular inequalities we have that
(E |A1|p)
1
p ≤ ǫ
N−1∑
n=0
(
E
[∫ tn+1
tn
∣∣g(yǫr)− g(ϕtn ,r(yǫtn))∣∣ d r
]p) 1
p
≤ ǫ
N−1∑
n=0
(
E
[(∫ tn+1
tn
dr
) 1
q
(∫ tn+1
tn
∣∣g(yǫr)− g(ϕtn,r(yǫtn))∣∣p dr
) 1
p
]p) 1
p
≤ ǫ(∆t) 1q
N−1∑
n=0
(
E
[
∆t sup
tn≤r<tn+1
∣∣g(yǫr)− g(ϕtn ,r(yǫtn))∣∣p
]) 1p
≤ ǫ∆t
N−1∑
n=0
(
E
[
sup
tn≤r<tn+1
∣∣g(yǫr)− g(ϕtn,r(yǫtn))∣∣p
]) 1p
Hypothesis (H2) together with the fact that the law of the flow ϕs,t depends
only on the difference t− s, imply that for each 0 ≤ n ≤ N − 1 above, the function
g evaluated along trajectories of the perturbed system compared with g evaluated
along the unperturbed trajectories, both starting at yǫtn satisfies:[
E sup
tn≤r<tn+1
∣∣g(yǫr)− g (ϕtn,r(yǫtn))∣∣p
] 1
p
≤ h(ǫ,√ǫ∆t).
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Hence [
E|A1|p
] 1
p
≤ ǫ ∆t N h(ǫ,√ǫ∆t)
= h(ǫ, t) t.

Lemma 4.3. Process A2 in equation (6) goes to zero with the following rate of
convergence: [
E|A2|p
] 1
p
≤ C1
√
t ǫ
1
4 .
for a positive constant C1.
Proof. By Minkowsky inequality we have that
[
E|A2|p
] 1
p
≤ ǫ
[
E
∣∣∣∣∣
N−1∑
n=0
[∫ tn+1
tn
g
(
ϕtn,r(y
ǫ
tn)
)
dr −∆tQg(π(yǫtn))
]∣∣∣∣∣
p] 1
p
≤ ǫ
N−1∑
n=0
[
E
∣∣∣∣
∫ tn+1
tn
g
(
ϕtn,r(y
ǫ
tn)
)
dr −∆tQg(π(yǫtn))
∣∣∣∣
p] 1
p
= ǫ ∆t
N−1∑
n=0
[
E
∣∣∣∣ 1∆t
∫ tn+1
tn
g
(
ϕtn,r(y
ǫ
tn)
)
dr −Qg(π(yǫtn))
∣∣∣∣
p] 1
p
.
For all n = 0, . . . , N − 1, the ergodic theorem implies that the two terms inside
the modulus converges to each other when ∆t goes to infinity. Moreover, as in [18,
Lemma 3.2] by Markovian property and central limit theorem, the rate of convergence
has order 1√
∆t
when ∆t goes to infinity. Hence, for small ǫ we have
[
E|A2|p
] 1
p
≤ C1ǫ N(∆t) 1√
∆t
= C1ǫ
[
ǫ−
1
2
] √
tǫ−
1
4
≤ C1
√
t ǫ
1
4 .

Lemma 4.4. A3 converges to zero when t or ǫ go to 0. We have the following rate
of convergence: (
E |A3|p
) 1
p
≤ C2
√
ǫt2,
for a positive constant C2.
Proof. Consider the partition ǫtn of the interval [0, t], whose mesh goes to zero. Then,
the sum in the expression of A3 is the Riemman sum of the integral which appears
in second term. Hence, the convergence to zero corresponds to the existence of the
Riemann integral, which is guaranteed by continuity of π(yǫr) (Hypothesis H1).
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We calculate now an estimate for the rate of convergence to zero. Let C be the
Lipschitz constant of Qg. Then
|A3| ≤ ǫ
N−1∑
n=0
∆t sup
ǫtn<s≤ǫtn+1
|Qg(π(yǫtn))−Qg(π(yǫsǫ ))|
≤ ǫ(∆t) C
N−1∑
n=0
sup
ǫtn<s≤ǫtn+1
|π(yǫǫtn
ǫ
)− π(yǫs
ǫ
)|. (7)
By Hypothesis (1) we have the following inequality which is independent of ǫ:
|π(yǫu
ǫ
)− π(yǫv
ǫ
)| ≤ sup
x∈U
K(x) |u− v|
for all u, v ≥ 0. Hence, continuing the estimates for |A3|, Inequality (7) above implies
that
|A3| ≤ C2(ǫ∆t)2N
= C2
(
ǫ
t√
ǫ
)2
ǫ−
1
2
= C2
√
ǫt2,
for a positive constant C2.

Lemma 4.5. Process A4 converges to zero with(
E |A4|p
) 1
p
≤ C3t
√
ǫ.
Proof. Denote
C3 = sup
x∈U
|g(x)|.
The result follows straightforward since
ǫ
∣∣∣∣∣
∫ t
ǫ
tN
g(yǫr)dr
∣∣∣∣∣ ≤ C3ǫ∆t = C3t√ǫ.
Now, going back to the proof of Proposition 4.1. Note that each of the four estimates
of Lemmas 4.2–4.5 allows a factorization which has a common factor
√
t times a
continuous function which goes to zero when (t, ǫ)→ 0. Explicitly, take
H(ǫ, t) = min
{
h(ǫ, t)
√
t, C1ǫ
1
4 , C2
√
ǫt
3
2 , C3
√
ǫ t
}
.
Proposition 4.1 now follows by inequality (6).

Remark: The technique we have used to prove Proposition 4.1 can be extended
in fact to a larger class of functions h in inequality (5). Let f : R≥0 → R≥0 be a
continuous function with f(0) = 0,
lim
ǫց0
f(ǫ)−1 = +∞ and lim
ǫց0
ǫf(ǫ)−1 = 0.
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Then inequality (5) of Hypothesis (H2) can be restated for h(ǫ, f(ǫ)t). In this case,
in the proof of Proposition 4.1 one has to consider the partition ∆t = tf(ǫ) , N =
[f(ǫ)−1] and the results follows by the same arguments. As state before, for stochastic
Hamiltonian systems, using the Liouville coordinate systems on invariant torus, one
can use f(ǫ) =
√
ǫ, see [18]. For general stochastic equations on foliated manifolds
f(ǫ) = | ln ǫ|− 12p satisfies this extended Hypothesis (H2) hence Proposition 4.1 also
holds in this case, see [11, Lemma 3.1].
4.2 An averaging principle
Theorem 4.6. Assume that the unperturbed foliated semigroups on M satisfies hy-
potheses (H1), (H2) and (H3) above. Let v(t) be the solution of the deterministic
ODE in the transversal component V ⊂ Rn,
dv
dt
= (Qdπ1(K), . . . , Qdπd(K))(v(t)) (8)
with initial condition v(0) = π(x0) = 0. Let T0 be the time that v(t) reaches the
boundary of V . Then, for all 0 < t < T0 we have that
[
E
(∣∣∣π (yǫt
ǫ
)
− v(t)
∣∣∣p)] 1p ≤ G(ǫ, t)
where G(ǫ, t) ≥ 0 is continuous for nonnegative ǫ and t, it is decreasing in t for a
fixed ǫ and G(ǫ, 0) = G(0, t) = 0.
Remark: Precisely, in terms of function h(ǫ, t) in Hypothesis (H2) we have that the
estimates above are given by
G(ǫ, t) =
√
teCt min
{
h(ǫ, t)
√
t, C1ǫ
1
4 , C2
√
ǫt
3
2 , C3
√
ǫ t
}
.
for some positive constants C,C1, C2 and C3.
Proof. Most of the calculations have been done in Proposition 4.1. We only have
to note that for each i = 1, 2, . . . , d, by Hypothesis (H1), Jensen’s inequality and
Proposition 4.1, we have
∣∣∣πi (yǫt
ǫ
)
− vi(t)
∣∣∣ ≤ ∫ t∧T ǫ
0
∣∣∣Qdπi(K)(πǫ(s))−Qdπi(K)(v(s))∣∣∣ ds+ |δi(ǫ, t)|
≤ Ci
∫ t
0
∣∣∣π (yǫs
ǫ
)
− v(s)
∣∣∣ ds+ |δi(ǫ, t)|,
where each Ci is the Lipschitz constant of Q
dπi(K). Summing up the i’s and using
Gronwall’s lemma we have, for a constant C:
∣∣∣πi (yǫt
ǫ
)
− vi(t)
∣∣∣ ≤ eCt n∑
i=1
|δi(ǫ, t)|.
And the result follows by Proposition 4.1.

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4.3 Example:
We present a simple example to illustrate the framework where the averaging prin-
ciple for perturbed foliated semigroups holds. Consider M = R3 − {(0, 0, z), z ∈ R}
with the 1-dimension horizontal circle foliation of M where the leaf passing through
a point p = (x, y, z) is given by the circle
Lp =
{
(
√
x2 + y2 cos θ,
√
x2 + y2 sin θ, z), θ ∈ [0, 2π]
}
.
For a point p0 = (x0, y0, z0), say with x0 ≥ 0 consider the local foliated coordinates in
the neighbourhood U = R3\{(x, 0, z);x ≤ 0; z ∈ R} given by cylindrical coordinates.
Hence, the coordinate system is defined by ψ : U ⊂M → (−π, π)×R>0×R, where
u ∈ (−π, π) is angular and v = (r, z) ∈ R>0 × R is such that ψ−1 : (u, v) 7→
(r cos u, r sinu, z) ∈ M . In this coordinate system, the transversal projections π1
and π2 correspond to the radial r-component and the z-coordinate, respectively.
Consider the semigroup Pt acting in C0(M) given by the following: denoting a
point ϕ(x) = (θ, r, z) by its coordinates and writing the entries of f ∈ C0(M) in
these coordinates,
Ptf(x) =
1
2
{
f(θ + t, r, z)(1 + e−2t) + f(θ + π + t, r, z)(1 − e−2t)} .
The sum in the angles are taken module 2π. This semigroup corresponds to a Le´vy
flow in each circular leaf diffeomorphic to S1 of the foliation which has simultaneously
two commutative behaviour: pure rotation and Poisson jumps to the antipodal. Its
infinitesimal generator in cylindrical coordinates is given by Af(θ, r, z) = ∂f∂θ + f(θ+
π, r, z)−f(θ, r, z). See e.g. Applebaum [1] or Liao [19]. Hence it is obviously a foliated
semigroup in the foliated space M . The unique invariant probability measure is the
normalized Lebesgue measure in each circle, hence Hypothesis (H3) is satisfied.
Adding a first order perturbation. We investigate the effective behaviour of a
small transversal perturbation in the semigroup, such that the original infinitesimal
generator is perturbed by ǫK. Functions Qdπ1(K) and Qdπ2(K) are simply the integral
along each circle of the radial and vertical components of K, respectively. Theorem
4.6 says that in the average, the transversal behaviour of P ǫt is approximate by v(t)
where v(t) is solution starting at zero of the EDO v′(t) = (Qdπ1(K)(vt), Qdπ2(K)(vt)),
i.e.
P ǫt
ǫ
|πi (·)− vi(t)| ≤ G(ǫ, t).
A class of examples appears if we consider a vector field K which commutes with A,
say, suppose that in cylindrical coordinates K is given by:
K(θ, r, z) = (0, λ0, k3(z))
where k3 : R → R is a smooth function with bounded derivative. The perturbed
semigroup in this case is given by
P ǫt f(x) =
f
(
ηt
)
(1 + e−2t) + f (η′t) (1− e−2t)
2
.
where
η(t) =
(
θ + t, r + ǫλ0t, ξ
ǫ(z, t)
)
;
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η′t =
(
θ + π + t, r + ǫλ0t, ξ
ǫ(z, t)
)
;
and ξǫ(z, t) is the solution of the ODE in the real line
ξǫ(z, t) = z +
∫ t
0
k3(ξ
ǫ(z, s)) ds.
Vector field K commutes with the infinitesimal generator A, hence hypothesis (H1)
and (H2) with exponent p = 1 are satisfied.
In this case we have the radial dπ1(K) = λ0 and the vertical dπ2(k)(θ, r, z) =
k3(z), hence their average with respect to Lebesgue measure on the leaves are
Qdπ1(K) ≡ λ0 and Qdπ2(k) = k3(π2(x)). Hence the transversal components as stated
in the main Theorem 4.6 are given by v(t) = (r0 + ǫ tλ0, ξ
ǫ(z, t)) for all t ≥ 0, if
λ0 ≥ 0, and 0 ≤ t < r0ǫ|λ0| if λ0 < 0. One checks easily that
P ǫt
ǫ
|πi (·)− vi(t)| = 0 ≤ G(ǫ, t).
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